Let G be any finitely generated group, and let K be a field of characteristic p > 0. It is shown that the graded group ring nr(KG) satisfies a nontrivial polynomial identity if and only if the pro-p completion of G is p-adic analytic, i.e. can be given the structure of a Lie group over the p-adic field Qp .
Main result
Let F be a field of characteristic p > 0, and let G be a finitely generated group. Consider the group ring KG, and let A be its augmentation ideal. Put (1) gr(FC7) = 0A"/A"+1 n>0 viewed as an associative ring. We say that an (associative) ring is a PI ring if it satisfies a nontrivial polynomial identity. Our goal here is to characterize groups G for which gr(FG) is a PI ring.
Note that group rings satisfying a polynomial identity were characterized by Isaacs and Passman [I-P] (zero characteristic) and subsequently by Passman [PI] (positive characteristic). The main result in characteristic p shows that KG is a PI ring if and only if G has a subgroup H of finite index, whose commutator subgroup H' is a finite p-group [PI] . Clearly, if KG is a PI ring, then so is gr(FG), but the converse need not hold. The assumption that gr(FG) satisfies a (homogeneous multilinear) identity f(xx, ... , x¿) merely tells us that (2) /(A"1, ... , An")<An¡+-+n"+x for all «i,..., nd>0.
Although we have started with an abstract group G, and our question is ringtheoretic in nature, the answer turns out to be formulated in the language of topological groups.
A topological group is said to be p-adic analytic if it can be given the structure of a Lie group over the p-adic field <Q>P . Our main result is Theorem A. Let G be a finitely generated group, and let K be a field of characteristic p > 0. Then gr(KG) isa PI ring if and only if the pro-p completion of G is p-adic analytic.
In fact, denoting the pro-p completion of G by Gp , we only have to assume here that Gp is finitely generated (as a topological group).
p-adic analytic groups were first studied by Lazard in 1965 [L2] , and more recently by A. . Following the latter we say that a pro-p group H is powerful, if H/H" is abelian, where Hp denotes the closed subgroup generated by the pth powers of H (if p = 2, H2 should be replaced with F/4).
The basic group-theoretic criterion for analyticity, introduced by Lazard, says that a pro-p group G is p-adic analytic if and only if it is finitely generated (as a topological group), and possesses a powerful open subgroup H (necessarily of finite index). By [L-M2] this is equivalent to G being of finite rank, where the rank of a pro-p group is the minimal integer r (possibly infinity) such that every closed (equivalently open) subgroup of G can be generated by r elements. The notions of rank and powerfulness apply to finite p-groups, with respect to their discrete topology.
The above-mentioned characterizations of p-adic analytic groups, when combined with our theorem, give rise to a more concrete description of the groups G for which gr(FG) satisfies a nontrivial polynomial identity.
Corollary B. The following are equivalent for a finitely generated group G and afield K of characteristic p:
(1) gr(FG) isa PI ring.
(2) There exists a constant s, such that every epimorphic image P of G which is a finite p-group possesses a powerful subgroup of index at most ps.
(3) There exists a constant r, such that every epimorphic image P of G which is a finite p-group has rank at most r.
This immediately implies
Corollary C. Let G and K be as above, and let H < G be a subgroup of index p" for some n. Then gr(KG) isa PI ring if and only if gr (KH) isa PI ring.
It is somewhat surprising that this result does not hold for nonfinitely generated groups (see §8).
In the course of the proof we make use of the following criterion for analyticity, which seems to have some independent interest. Proposition D. Let G be a finitely generated pro-p group, and let L(G) be its associated restricted Lie algebra. Then G is p-adic analytic if and only if L (G) is nilpotent.
For the exact definition of L(G), see §3. The above criterion, which stems from Lazard's work [L2] , will be given a direct proof.
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The area of p-adic analytic groups is currently rather active, and has proved useful in various seemingly unrelated contexts (e.g. linear groups, growth functions of residually finite groups, finite p-groups of bounded coclass, etc.). The interested reader is referred to [Lu, M, LG, D, S2] and the recent monograph [DDMS] .
Our theorem suggests that the highly developed theory of PI rings (see [R] as a general reference) might have some relevance to the study of pro-p groups and p-adic analytic groups.
The rest of the paper, which is devoted to a proof of Theorem A, is organized as follows: we begin with an easy reduction to the case of pro-p groups ( §2); then we apply a theorem of Quillen, presenting gr(FG) as a universal envelope of a certain restricted Lie algebra L = L(G), constructed from the dimension subgroups of G ( §3); a characterization of restricted Lie algebras whose enveloping algebras satisfy a polynomial identity, recently given by Passman, is then applied to translate the problem into Lie-algebraic language ( §4); some further considerations based on the local nilpotency of «-Engel Lie algebras are implemented in order to show that the Pi-property of gr(FG) is equivalent to L being nilpotent ( §5); in the final step, the nilpotency of L is translated into the language of dimension subgroups; using suitable properties of these subgroups, we ultimately show that L is nilpotent if and only if G is p-adic analytic ( §6), thus completing the proof of the theorem.
A quantitative version of Theorem A is mentioned in §8. It relates the minimal index of a powerful subgroup in Gp (and consequently, the dimension of Gp as p-adic Lie group) to the degree of the identity satisfied by gr(FG) and the number of generators of G.
In §8 we also make some preliminary remarks on the nonfinitely generated case, which seems to be of a rather different nature.
Section 7 is devoted to the zero characteristic case, which is considerably easier. We show that, if char(F) = 0 and G is any group, then gr(FG) is a PI ring if and only if G2/Gi is a torsion group (in which case gr(FG) is commutative).
Notation is standard. {C?n}">i stands for the lower central series of G, and Gn is the subgroup generated by all the «th powers (or its closure, if G is a topological group). The (minimal) number of generators of G is denoted by d (G) . (p(G) stands for the Frattini subgroup. Lie products-as well as group commutators-are denoted by [ , ] , and should be interpreted according to the context. Long Lie products and commutators are interpreted using the leftnormed convention.
For a restricted Lie algebra L, denote by ih x^ its formal pth power operation, and by u(L) its (universal) enveloping algebra. A restricted Lie algebra L is said to be graded (more accurately N-graded) if it can be written as a direct sum of linear spaces L" (« = 1,2,...) satisfying [L" , Lm] < Ln+m and L,\?] < Lnp for all n, m .
Reduction to pro-p groups
Let us start with a simple reduction. Consider the dimension subgroups
studied by Jennings [Jl] and Lazard [LI] . It is easy to see that gr(KG) = gr(KG), where G := lim G/Dn . Now, for each « , G/D" is a finite p-group. Moreover, the topology induced on G by {Dn} coincides with the pro-p topology of G. Hence G = Gp-the pro-p completion of G, so (4) gr(FG) = gr(KGp).
This reduces Theorem A to the case where G is a finitely generated pro-p group. We have to show that, for such G, gr(FG) is a PI ring if and only if G is p-adic analytic.
Graded group rings and enveloping algebras
Based on results of Jennings and Lazard and on the restricted version of the Poincaré-Birkhoff-Witt theorem, Quillen (1968) was able to present the graded ring gr(FG) as the enveloping algebra u(L) of a certain restricted Lie algebra L [Q] . In order to describe his result, which plays a fundamental role in this paper, set
It is well known that the commutation and the pth power operations in G induce on L(G) the structure of a restricted Lie algebra over the field of p elements Fp (see [LI] ). Moreover, L(G) is graded, in the sense described in §1-In order to get a restricted Lie algebra over F, define
Quillen's result may now be formulated.
Quillen's Theorem. gr(FG) = u(LK(G)).
A similar result holds in the case char(F) = 0, except that, in (5), L(G) is viewed as a (nonrestricted) Lie ring, and the tensor product in (6) is defined over the integers. Although the definition of the dimension subgroups D" remains unchanged, their group-theoretic description is substantially different [J2] .
As a preliminary application, it is now easy to characterize groups whose graded group algebras are commutative.
Proposition 3.1. For a finitely generated group G and a field K of characteristic p, gr(KG) is commutative if and only if Gp is powerful.
Proof. We may assume that G is a pro-p group. In view of Quillen's Theorem, gr(FG) is commutative if and only if LK(G) is commutative, which amounts to the commutativity of the restricted Lie algebra L (G) . Since L(G) is generated by its first homogeneous component Lx := G/D2, this is equivalent to [Lx, Lx] = 0, namely, to G2 < D3. Suppose p > 2 . Then £>3 = G3Gp_(see|Jl, LI]). Working in G :=_G/GP , we see that G2 < L>3 if and only if G2 = G3, which is equivalent to G2 = 1, namely to G being powerful.
The case p = 2, which is slightly more involved, is left as an exercise. □
The same argument shows that, for an arbitrary group G, gr(FG) is commutative if and only if, for all « , G/Dn is a powerful p-group.
Polynomial identities in enveloping algebras
In view of Quillen's Theorem, one would like, at this point, to study restricted Lie algebras L for which u(L) is a PI ring. Luckily enough, this project has We claim that, if we start with a graded restricted Lie algebra L, we may require that the subalgebras A and F above be graded as well.
Keeping track of Passman's proof, this will follow from Lemma 4.1. Let L = 0L" be a graded Lie algebra, and let H be the subalgebra consisting of all the elements x £ L whose centralizers have finite codimension in L. Then H is graded, namely H = 0F/", where Hn < Ln (n > 1).
Proof. Let x £ H, and suppose x = Y?n=\ x" > wnere xn € L" and xd ^ 0. We have to show that x" £ H for all n < d. Arguing by induction on the number of nonzero homogeneous components of x, it suffices to prove that xd £ H .
Since L/Cl(x) is finite dimensional, so is L"/Cl"(x) for all «. But Cl"(x) = C\m CL"(xm) < Cl"(xj) . Hence L"/C/,"(x¿) is finite dimensional for all « .
We claim that, for sufficiently large «, CLn(xd) = L". In order to show this, let us choose «n with the property that the images of Lx, L2, ... , Lno in L/Cl(x) span L/Cl(x) (as a finite-dimensional linear space). Then, for any « > «o and y"£ Ln, there exist yx, ... In what follows we say that a (graded) restricted Lie algebra L is virtually-P (where P is a property), if F has a (graded) restricted subalgebra of finite codimension satisfying P.
Corollary 4.2. If L is virtually-abelian then u(L) is a PI ring; if u(L) is a PI ring, then L is virtually-(nilpotent of class at most two).
Virtually nilpotent Lie algebras and the Engel condition
The properties of being virtually-abelian or virtually-nilpotent, when applied to LK (G) , obviously have something to do with the behavior of the dimension subgroups Dn ; but they are not always easy to work with. In this section we overcome this difficulty, by replacing them with a more viable property, namely-nilpotency. This is made possible by the following result, whose proof relies on the local nilpotency of some Engel Lie algebras. The version given below, which is slightly stronger than what is actually needed here, seems to have some independent interest. Proposition 5.1. Let L be a restricted Lie algebra, and let N be a restricted ideal satisfying 
which proves that L is fc-Engel.
We claim that, for some function /, every ¿/-generated subalgebra of L is nilpotent of class < f(k, d).
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use Indeed, in its full generality, this follows from Zelmanov's recent remarkable theorem on the local nilpotency of fc-Engel Lie algebras. However, in our case a more elementary argument can be given.
Note that the Lie algebra L/N is p'-Engel. Since it is finite dimensional, it follows by Engel's Theorem (see, e.g., [B, p. 10] ) that L/N is nilpotent. Since A is also nilpotent, L must be soluble. Moreover, its derived length is easily seen to be bounded in terms of p' and c.
At this point Gruenberg's Theorem [G] on the local nilpotency of soluble Engel Lie algebras may be applied. Using a suitable relatively free Lie algebra, it is now a standard matter to establish (10). where, for a set X, (X) denotes the nonrestricted Lie subalgebra generated by X. Now, the subalgebra on the right-hand side of (11) is generated by at most c + d elements, so, by (10), it is nilpotent of class at most f(k, c + d) = b . This contradicts our assumption that [yx, ... , y¿,+i] ^ 0, and terminates the proof. D
We now apply the proposition in a graded situation. By a finitely generated restricted Lie algebra we mean a Lie algebra which is finitely generated as a restricted Lie algebra (but not necessarily as an ordinary Lie algebra).
Lemma 5.2. The following are equivalent for a finitely generated graded restricted Lie algebra L :
( 1 ) L is virtually-nilpotent. Define A = 0">no Ln . Clearly, A is a restricted ideal of L which is contained in M. Therefore A is nilpotent. Moreover, if p' > «o then L^'l < A. Note also that, since L is finitely generated, every homogeneous component L" is finite dimensional. This implies that dim(L/A) < oo . Applying Proposition 5.1 we conclude that L is nilpotent.
(2) => (3). Since L is nilpotent, it is certainly p'-Engel for some i. This means that L^'1 is central in L, so, for F := L/Z(L) we get L^'1 = 0. Let X be a (finite) generating set for L (as a restricted Lie algebra), and let Lo be the nonrestricted subalgebra of F generated by X. Observe that Lo is an ordinary finitely generated nilpotent Lie algebra, so it must be finite dimensional. So let Y be a (finite) basis for F0 as a linear space, and put Yj := {y^l; y e Y}. According to [B, p. 10, Proposition 2] , the union of all the Yfs (where j = 0, 1,2,...) spans L as a linear space. But Yj = {0} for j > i. Hence F is spanned by the finite set To U Yx U • • ■ U Y¡■_ x, so dim(L) < cc .
(3) =*(1). Trivial. D Let us now return to the graded restricted Lie algebra LK (G) , introduced in §3.
Note that, since G is finitely generated, so is Lk (G) . The last equivalences show that, in the case of Lk (G) , there is no difference between being virtuallyabelian and being virtually-(nilpotent of class at most two), and both properties are equivalent to nilpotency.
It is clear that the nilpotency of LK(G) = L(G) <8> K does not depend on the underlying field F (as long as char(F) = p). Therefore, in view of Corollary 4.2 and Quillen's Theorem, we get (Here rx~l denotes the smallest integer which is greater than or equal to x .) Choose i'o such that p'° < « < p'0+1 , and let us show, using the above results, that the series {(Dpi : Dp,>i)},->,0 is nonincreasing. Fix i > io and write (20) (Dp¡:DpM)= I] (Dm:Dm+x).
Observe that, if p does not divide m, then by (18), (Dm : Dm+X) = 1, so all these factors may be omitted from the right-hand side of (20 
The zero characteristic case
If the underlying field F has characteristic 0, the situation is considerably simpler. L = Lk(G) is now an ordinary Lie algebra of characteristic 0, and by a result of Latysev its universal envelope U(L) does not satisfy any nontrivial identity unless F is abelian [La] . But by Quillen's Theorem gr(FG) = U(L). Hence gr(FG) is a PI ring if and only if L is abelian, which, by the definition of L, amounts to G2 < Di.
At this stage we may apply Jennings' formula [J2] for the dimension subgroups D" over F, namely Dn = (x £ G : xm £ Gn for some m) (n > 1). It follows that gr(FG) is a PI ring if and only if G2/Gi is a torsion group.
Concluding remarks
It turns out that Theorem A admits a quantitative version: If G is a ¿/-generated group whose graded group ring (in characteristic p) satisfies a polynomial identity of degree n , then Gp possesses a powerful subgroup whose index is bounded above in terms of p, d and « ; consequently, the rank of Gp , and its dimension as a p-adic Lie group, are bounded in terms of p, d and «.
Conversely, if Gp has a powerful subgroup of index i, and G (or Gp) is dgenerated, then gr(FG) satisfies a polynomial identity whose degree is bounded in terms of d and i.
The proof combines quantitative versions of the results proved in § §5 and 6 with a quantitative version of Passman's Theorem, recently obtained by Petrogradski [Pe] .
A final point: While our description of PI graded group rings of characteristic zero is of a global nature, and the results in positive characteristic are strictly local: they do not hold for nonfinitely generated groups.
Indeed, if G is an elementary abelian p-group of infinite rank, then Gp is not p-adic analytic, but gr(FG) is certainly a PI ring. More elaborate examples of nonfinitely generated p-groups indicate that the PI property of gr(FG) has very little to do with G being powerful-by-finite, finite-by-powerful-by-finite, etc.
Furthermore, it is possible to construct groups H < G with (G : H) = p, such that gr(FG) is a PI ring, while gr(KH) is not (or vice versa), so even Corollary C is no longer valid.
This perplexing situation, which should be dealt with separately, suggests that the solution of the PI problem for graded group rings of positive characteristic may take a rather different form in the case of nonfinitely generated groups.
